Let R be a commutative ring with identity and M a unital R-module. In this article we extend the notion of quasi-primary ideals to submodules.
Introduction
Throughout this paper all rings are commutative with non-zero identity and all modules are unital.
If R is a ring and N a submodule of an R-module M , the ideal {r ∈ R | rM ⊆ N } will be denoted by (N : M ). Then ann(M ), the annihilator of M , is (0 : M ). A proper submodule N of M is said to be prime (resp. primary), if rx ∈ N for r ∈ R and x ∈ M implies that either r ∈ (N : M ) (resp. r ∈ (N : M )) or x ∈ N . In this case, N is called p-prime (resp. p-primary), where p = (N : M ) (resp. p = (N : M )) (For more study these notions see for example [3, 13, 14, 16, 17, 19] ). The intersection of all prime submodules containing N , denoted radN , is called the prime radical of N . Also, N is called a radical submodule if radN = N . A proper submodule N of M is called primary-like if rx ∈ N for r ∈ R and x ∈ M implies that r ∈ (N : M ) or x ∈ radN . It is clear that primary-like submodules of R as an R-module and primary ideals of R are the same. Also, N is a prime submodule of M if and only if N is a radical and primary-like submodule of M . The notion of primary-like submodules has been extensively studied by the authors and F. Rashedi in [6] .
A proper ideal q of R is said to be quasi-primary if rs ∈ q for r, s ∈ R implies r ∈ √ q or s ∈ √ q. In particular, q is a quasi-primary ideal of R if and only if √ q is a prime ideal of R [7, p.176] . Quasi-primary ideals was rst introduced and studied by L. Fuchs [7] . Since primary ideals are quasi-primary, every ideal of a Noetherian ring has a quasi-primary decomposition. Moreover, the uniqueness of the corresponding shortest quasi-primary decompositions of an ideal has been given in [7, Theorem 6] . Here we extend the notion of quasi-primary ideals to submodules. Recall that a proper submodule N of M is quasi-primary if rx ∈ N for r ∈ R and x ∈ M implies that r ∈ (N : M ) or x ∈ radN . It is clear that primary submodules are quasi-primary. We say that a submodule N of an R-module M satises the primeful property if for each prime ideal p of R with (N : M ) ⊆ p, there exists a prime submodule P containing N such that (P : M ) = p.
If the zero submodule of M satises the primeful property, then M is called primeful.
For instance nitely generated modules, projective modules over domains and (nite and innite dimensional) vector spaces are primeful (see [10] We say that a submodule N of an R-module M has a quasi-primary decomposition if N = N1 ∩ N2 ∩ · · · ∩ Nt, where each Ni is a quasi-primary submodule of M . If 
In part II, we investigate the existence and uniqueness of these decompositions and relationships between them in dierent cases. For this purpose we need to some properties and facts about quasi-primary submodules, mostly consideration satisfying the primeful property.
Unlike the ideal case, there are several challenging problems in radical theory of submodules. Finding a good description of radN either in terms of its elements or as some sort of decomposition and splitting the nite intersection of submodules by radical are two examples of them. Some works and methods for characterizing the radN may be found in [1, 12, 15, 16, 18, 19, 20, 21] ). One of the main dierences between ideal and module cases is that the radical of a quasi-primary submodule is not necessarily prime.
In fact, if R = Z[x], then the submodule N = R(2, x) + R(x, 0) is a quasi-primary submodule of M = R ⊕ R whose radical is not prime [19, Theorem 1.9 and Example 1.11].
The mentioned conditions are useful to obtain a module-reduced quasi-primary decomposition from the original one.
In section 2, the behaviuor of quasi-primary submodules (probably satisfying the primeful property) under some operations such as quotient and fraction are considered (Corollary ?? and Theorem 2.14). In this section, it is also shown that q is a quasiprimary ideal of R if and only if qF is a quasi-primary submodule of a free R-module F (Theorem 2.18). In this case rad(qF ) is a prime submodule of F . Moreover, it is proved that the radical of every quasi-primary submodule of a free module F over a Noetherian domain R is prime provided that every prime submodule of F contains only nitely many prime submodules (Proposition 2.20).
Let p be a prime ideal of R and N a submodule of M . By the saturation of N with respect to p, we mean the contraction of Np in M and designate it by Sp(N ). It is also known that Sp(N ) = {x ∈ M |cx ∈ N for some c ∈ R\p}. Saturations of submodules were investigated in detail in [11] and some results of the study are applied for quasi-primary submodules in section 3. For example, if N is a p-quasi-primary submodule satisfying the primeful property, then we have : (1) Sp(N ) is a prime submodule of M if and only if radN = Sp(N ) (Theorem 3.3); (2)Sp(radN ) = M if and only if radN is a prime submodule of M (Theorem 3.9). Also, some other conditions under which the radical of a quasi-primary (probably satisfying the primeful property) is prime have been given in Corollary 3.7, Proposition 3.10, Corollary 3.11 and Theorem 3.14.
The purpose of the section 4 is to discuss about important roles played by torsion submodules in the class of quasi-primary submodules of a module. In Theorem 4.3, it is proved that for a submodule N of a module M over a Dedekind domain R satisfying the primeful property, radN is prime if and only if M = radN ⊕ N for some torsion-free submodule N of M or (radN : M ) = m for some maximal ideal m of R.
In part II, we will characterize the quasi-primary submodules of multiplication modules. Using this, we will fully investigate reduced and module-reduced and shortest quasi-primary decompositions of submodules of multiplication modules. Also, we will give some uniqueness theorems for reduced and module-reduced quasi-primary decompositions of submodules of modules over Noetherian rings.
On quasi-primary submodules satisfying the primeful property
In this section, we study basic properties of quasi-primary submodules which probably satises the primeful property. In particular we show the aect of some operations on quasi-primary submodules. We start with some elementary results.
2.1. Lemma. Let M be an R-module. Then the following hold:
(i) Any maximal, prime, primary and primary-like submodule is quasi-primary. (ii) Any quasi-primary radical submodule is primary. In particular, if radN is a quasi-primary submodule for a submodule N of M , then radN is primary. (iii) If N is a quasi-primary submodule of M and (N : M ) is a radical ideal of R, then N is primary-like. Proof. Clearly radN ⊆ rad(N + pM ). If Pi is a pi-prime submodule such that N ⊆ Pi, 
Proof. Since N satises the primeful property, we have (radN :
2.5. Corollary. Let N and K be proper submodules of an R-module M . If N is a quasiprimary submodule of M satisfying the primeful property such that N K, then N is also a quasi-primary submodule of K.
Proof. It follows by applying Proposition 2.4 to N and K.
2.6. Theorem. Let N be a proper submodule of a non-zero R-module M . Then the following statements are equivalent:
(i) N is a quasi-primary submodule of M ; (ii) (N :
For the reverse inclusion, let a ∈ (N : K). Since radN K, we can nd an element x of K\radN . Then a n x ∈ N for some positive integer n. Hence, by (i), a ∈ (N : M ).
(ii)⇒(i). Suppose rx ∈ N , where r ∈ R and x ∈ M . Assume x / ∈ radN . Then radN radN + Rx ⊆ M . By (ii) , (N : radN + Rx) = (N : M ). Since rx ∈ N , we have r(N + Rx) = rN + Rrx ⊆ N . This shows that r ∈ (N : N + Rx) ⊆ (radN : N + Rx).
Hence r ∈ (N : M ), as required.
2.7. Theorem. Let {Ni : 1 ≤ i ≤ n} be a nite collection of submodules of an R-module M satisfying the primeful property. Then ∩ n i=1 Ni satises the primeful property and
Proof. Suppose 
Ni satises the primeful property and so
The following is a result of Theorem 2.7.
2.8. Corollary. Let M be an R-module and {Ni : i ∈ I} a collection of quasi-primary submodules of M satisfying the primeful property.
It is well-known that for a surjective homomorphism f : M → M and a prime submodule N of M containing Kerf , f (N ) is a prime submodule of M . It follows that for any
In particular for every submodule K of M containing N , rad(K/N ) = radK/N . Analogously we have the following corollaries:
Proof. Suppose rm ∈ f −1 (N ) and r / ∈ (f −1 (N ) : M ). It follows that rf (m ) ∈ N and r / ∈ (N : M ). Since N is a quasi-primary submodule of M , f (m ) ∈ radN ; i.e. f (m ) ∈ P for any prime submodule P of M containing N . Now, let P be a prime submodule of M containing f −1 (N ).
is a prime submodule of M containing N , we must have f (m ) ∈ f (P ). Therefore, there exists an element x ∈ P such that m − x ∈ Kerf ⊆ P . Thus m ∈ P and so m ∈ rad(f −1 (N )). Proof. Suppose that rf (x) ∈ f (N ) for r ∈ R and x ∈ M and r / ∈ (f (N ) : f (M )). Hence there exists n ∈ N such that rx − n ∈ Kerf . Therefor rx ∈ N and so we have x ∈ radN . Since f (radN ) = rad(f (N )), we conclude that f (x) ∈ rad(f (N )).
2.11. Corollary. Let f : M → M be a surjective homomorphism. Then the assignment N → f (N ) denes a one-to-one correspondence between the set of all quasi-primary submodules of M containing Kerf and the set of all quasi-primary submodules N of M such that f −1 (N ) contains Kerf .
From now on, we frequently use the fact that (radN : M ) = (N : M ) for a submodule N of M which satises the primeful property. Specially it is used in items (ii) and (iii) Proof. Since M is nitely generated, N satises the primeful property, then Lemma 2.12 follows that (N : M ) is a quasi-primary ideal. Conversely, let q be a quasi-primary ideal of R such that q ⊆ (N : M ). Since M is nitely generated, N is contained in a maximal submodule of M and so radN = M . Since R is zero-dimensional, √ q is a maximal ideal of R and so √ q = (N : M ) = (radN : M ). Hence radN is a prime submodule of M .
Therefore by Lemma 2.12 (iii) , N is quasi-primary.
Let S be a multiplicatively closed subset of R and M an R-module. We denote the ring and module of fractions by S −1 R and S −1 M respectively.
2.14. Theorem. Let M be an R-module and N a quasi-primary submodule of M satisfying the primeful property. Let S be a multiplicatively closed subset of R such that
Proof. It is easy to see that x/1 ∈ S −1 M \S −1 N for each x ∈ M \radN and so S −1 N = S −1 M . Suppose (r/s)(x/t) ∈ S −1 N and r/s / ∈ (S −1 N :
Thus there exist u, w ∈ S, y ∈ N such that wurx = wsty. It follows x ∈ radN , since N is quasi-primary. Thus x/t ∈ S −1 radN ⊆ rad(S −1 N ), by [ We remark that if N is a submodule of M satisfying the primeful property, then radN is also satises the primeful property. In this case if N is a proper submodule of M , then radN is also proper. Henceforth, we consider radN = M when trying to prove radN is prime for a quasi-primary submodule N satisfying the primeful property.
2.16. Proposition. Let R be a ring and N a quasi-primary submodule of an R-module M satisfying the primeful property. If (N : M ) is a maximal ideal of R, then radN is a prime submodule of M .
2.17. Proposition. Let M be an R-module and {Ni : i ∈ I} a collection of submodules of M such that i∈I Ni satises the primeful property. Then i∈I radNi = M if and only if i∈I Ni = M .
Proof. Assume i∈I radNi = M and i∈I Ni = M . Then there exists a maximal ideal m of R containing ( i∈I Ni : M ) and a prime submodule P of M containing i∈I Ni such that (P : M ) = m. Thus i∈I radNi ⊆ P , a contradiction. The converse is obvious.
It is well-known that if F is a free R-module and I is an ideal of R, then (IF :
Thus if I is a prime(resp. primary) ideal of R, then IF is prime(resp. primary) submodule of M . Now we give a similar result in the quasi-primary case.
2.18. Theorem. Let F be a free R-module. Then qF is a quasi-primary submodule of F if and only if q is a quasi-primary ideal of R. Proof. Let qF be a quasi-primary submodule of M . Since (qF : F ) = q, q is a proper ideal of R. Suppose rs ∈ q, for r ∈ R, s ∈ R\ √ q. Hence rsF ⊆ qF and s / ∈ (radqF : F ), since radqF = √ qF [20, Proposition 2.2] . It follows that r ∈ √ qF : F = √ q. Conversely let q be a quasi-primary ideal of R. Again by (qF : F ) = q, qF is a proper submodule of F . Suppose r / ∈ (qF : F ) = √ q and x / ∈ radqF = √ qF . Hence we have rx / ∈ √ qF , since √ qF is a prime submodule of F . Thus rx / ∈ qF .
2.19. Corollary. Let F be a free R-module. Then the following statements are equivalent.
(i) I = q1 ∩ · · · ∩ qt is a reduced quasi-primary decomposition of the ideal I;
2.20. Proposition. If R is a Noetherian domain and F is a free R-module such that every prime submodule of F contains only nitely many prime submodules, then for every non-zero quasi-primary submodule N of F , radN is prime.
Proof. We rst show that R is a one-dimensional ring. Let 0 ⊂ p ⊆ p be a chain of prime ideals of R. If p = p, then there exist innitely many such prime ideals contained in p [9, p. 144] . It follows from the above argument of Theorem 2.18 that there exist innitely many prime submodule contained in prime submodule pF , a contradiction. Thus R is a one-dimensional domain. Now, let qF be a non-zero quasi-primary submodule of F . It is clear that 0 ⊂ q ⊆ (qF : F ) and so the proof is completed by Proposition 2.16. submodules. In this section we develop and use this tool for quasi-primary submodules (probably satisfying the primeful property). In particular, using this, we give some conditions under which the radical of a quasi-primary submodule is prime. ∈ radN . Hence we conclude that sx / ∈ N for any s ∈ R \ p. Thus r ∈ p, as required.
From now on, we denote the set of all prime ideals of R containing (N : M ) by V (N : M ). Proof. Suppose p is a prime ideal of R containing (radN : M ). Since N satises the primeful property and p ⊇ (N : M ), there exists a prime submodule P of M containing N such that (P : M ) = p. It is clear that P ⊇ radN and so radN satises the primeful property. For the second part, let p be a prime ideal of R such that p ⊇ (Sp(N ) : M ) ⊇ (N : M ). Then there exists a prime submodule P of M containing N such that (P : M ) = p. Now, let x ∈ Sp(N ). There exists s ∈ R \ p such that sx ∈ N ⊆ P . Therefore x ∈ P . Hence we have Sp(N ) ⊆ P , as desired. Proof. Since N is p-quasi-primary, Lemma Further, if N is a p-quasi-primary submodule of M , then the above statements are equivalent to: (iv) radN is a p-prime submodule of M .
